This study discusses a numerical methods for hybrid fuzzy differential equations by fifth order RK Nystrom Method for fuzzy differential equations. We prove the convergence result and give numerical examples to illustrate the theory.
Introduction
The topic of fuzzy differential equations(FDEs) has been rapidly growing in recent years. The concept of fuzzy derivative was first introduced by Chang and Zadeh [1] , it was followed up by Dubois and Prade [2] by using the extension principal in their approach. Other methods have been discussed by Puri and Ralescu [3] and Goetschel and Voxman [4] . Kandel and Byatt [5] applied the concept of fuzzy differential equation (FDE) to the analysis of fuzzy dynamical problems. The FDE and the initial value problem(Cauchy problem) were rigorously treated by Kaleva [6, 7] , Seikkala [8] , He and Yi [9] , Kloeden [10] and by other researchers [11, 12] . Recently several authors has investigate hybrid FDEs [13, 14, 15, 16] . Hybrid systems are devoted to modeling, design, and validation of interactive systems of computer programs and continuous systems. These are, control systems that are capable of controlling complex systems which have discrete dynamics event as well as continuous time dynamics can be modeled by hybrid system. Hybrid system evolve in continuous time like differential systems but undergo fundamental changes in their governing equations at a sequence of discrete times. For analytical results on stability properties and comparison theorems we refer to [3, 8, 17, 18] . In this paper, we develop numerical methods for solving hybrid fuzzy differential equations by Runge-Kutta Nystrom method using the Seikkala derivative. In Section 2 we list some basic definitions for fuzzy valued functions. In Section 3 we review hybrid fuzzy differential systems. In Section 4 the Runge-Kutta Nystrom method of order five for solving hybrid fuzzy differential equations and a convergence theorem are discussed. Section 5 contains a some numerical examples to illustrate the theory.
Preliminaries
Denote by E 1 the set of all functions u : R → [0, 1] such that (i) v is normal, that is, there exist an x 0 ∈ R such that v(x 0 ) = 1, (ii) u is a fuzzy convex, that is, for x, y ∈ R and 0 ≤ λ ≤ 1, v(λ x + (1 − λ )y) ≥ min{v(x), v(y)}, (iii) v is upper semi continuous, and (iv) [v] 0 ≡ the closure of {x ∈ R : v(x) > 0} is compact. For 0 < r ≤ 1, we define [v] r = {x ∈ R : v(x) ≥ r}. An example of a v ∈ E 1 is given by For later purpose, we define0 ∈ E 1 as0(
Next consider the initial value problem(IVP)
where f : [0, ∞) × R → R is continuous. We would like to interpret (2.3) using the Seikkala derivative and
. By the Zadeh extension principle we get g :
Then x : [0, ∞) → E 1 is a solution of (2.3) using the Seikkala derivative and
for all t ∈ [0, ∞) and r ∈ [0, 1]. Lastly consider an g : [0, ∞) × R × R → R which is continuous and the IVP
As in [19] , to interpret (2.4) using the Seikkala derivative and x 0 , k ∈ E 1 , by the Zadeh extension principle we use g :
where
is a solution of (2.4) using the Seikkala derivative and
for all t ∈ [0, ∞) and r ∈ [0, 1].
The hybrid fuzzy differential systems
Hybrid systems have been used to model several cyber-physical systems, including physical systems with impact, logic-dynamic controllers, and even Internet congestion.
A canonical example of a hybrid system is the bouncing ball, the physical system with impact. Here, the ball (thought of as a point-mass) is dropped from an initial height and bounces off the ground, dissipating its energy with each bounce. The ball exhibits continuous dynamics between each bounce; however, as the ball impacts the ground, its velocity undergoes a discrete change modeled after an inelastic collision. A mathematical description of the bouncing ball follows. Let x 1 be the height of the ball and x 2 be the velocity of the ball. A hybrid system describing the ball is as follows: When x ∈ C = {x 1 ≥ 0}, flow is governed byẋ 1 = x 2 ,ẋ 2 = −g, where g is the acceleration due to gravity. These equations state that when the ball is above ground, it is being drawn to the ground by gravity. When x ∈ D = {x 1 = 0}, jumps are governed by x + 1 = x 1 , x + 2 = −γx 2 , where 0 < γ < 1 is a dissipation factor. This is saying that when the height of the ball is zero (it has impacted the ground), its velocity is reversed and decreased by a factor of γ. Effectively, this describes the nature of the inelastic collision. The gear shift example describes a control design problem where both the continuous and the discrete controls need to be determined. The problem is not trivial if we include the reasonable assumption that each gear shift takes a certain amount of time. The optimal control of hybrid system, may be derived using the theory of optimal control of hybrid systems.
Consider the hybrid fuzzy differential system
where denotes Seikkala differentiation, 0
To be specific the system look like
Discuss the existence and uniqueness of solution of (3.1) hold for each [t k ,t k+1 ], by the solution of (2.3) we mean the following function:
We note that the solution of (3.1) are piecewise differentiable in each interval for t ∈ [t k ,t k+1 ] for a fixed x k ∈ E 1 and k = 0, 1, 2, . . .
Using a representation of fuzzy numbers studied by Goestschel and Voxman [4]
and Wu and Ma [18] , we may represent x ∈ E 1 by a pair of fuctions (x(r), x(r)), 0 ≤ r ≤ 1, such that (i) x(r) is bounded, left continuous, and nondecreasing, (ii) x(r) is bounded, left continuous, and nonincreasing, and (iii)
Therefore we may replace (3.1) by an equivalent system
which possesses a unique solution (x, x) which is a fuzzy function. That is for each t, the pair [x(t; r), x(t; r)] is a fuzzy number, where x(t; r), x(t; r) are respectively the solutions of the parametric form given by 
The Runge-Kutta Nystrom method
In this section, for a hybrid fuzzy differential equation (3.1) we develop the fifth order Runge-Kutta Nystrom method when f and λ k in (2.3) can be obtained via the Zadeh extension principle from f ∈ C[R + × R × R, R] and λ k ∈ C[R, R](since we are using the Seikkala derivative). We assume that the existence and uniqueness of solutions of (3.1) hold for each
For a fixed r, to integrate the system in (
. ., we replace each interval by a set of N k + 1 discrete equally spaced grid points (including the end points) at which exact solution x(t; r) = (x(t; r), x(t; r)) is approximated by some (y k (t; r), y k (t; r)). For each the chosen grid points on
) and (y k (t; r), y k (t; r)) may be denoted respectively by (Y k,n (r),Y k,n (r)) and (y k,n (r), y k,n (r)). We allow the N k 's to vary over the [t k ,t k+1 ]'s so that the h k 's may be comparable. The Runge-Kutta Nystrom method is a fifth order approximation of Y k (t; r) and Y k (t; r). To develop the Runge-Kutta Nystrom method for (2.3), and define
Next we define
−81k 5 (t k,n , y k,n (r)) + 125k 6 (t k,n , y k,n (r))
.
The exact solution at t k,n+1 is given by
The approximate solution is given by
(4.1)
, and h k < 1 are fixed. Let {Z k,n (r)} N k n=0 be the fifth order R-K Nystrom method approximation with N = N k to the fuzzy IVP:
If {y k,n (r)} N k n=0 denotes the result of (3.3) from some y k,0 (r), then there exists 
Numerical examples
Consider the fuzzy differential equation where c 0,
Example 5.1. Next consider the following hybrid fuzzy IVP,
The hybrid fuzzy IVP (5.4) is equivalent to the following systems of fuzzy IVPs:
In (5.4), x(t) + m(t)λ k (x(t k ) is continous function of t, x and λ k (x(t k ). Therefore by Example 6.1 of Kaleva [6] , for each k = 0, 1, 2, . . ., the fuzzy IVP
has a unique solution on [t k ,t k+1 ]. To numerically solve the hybrid fuzzy IVP (5.4) we will apply the Runge-Kutta method of order five for hybrid fuzzy differential equation with N = 10 to obtain y 1,2 (r) approximating x(2.0; r). Let f : [0, ∞) × R × R → R be given by
where λ k : R → R is given by 
. Since the exact solution of (5.4) for t ∈ [1, 1.5] is x(t; r) = x(1; r)(3e t−1 − 2t), 0 ≤ r ≤ 1, x(1.5; r) = x(1; r)(3 √ e − 3), 0 ≤ r ≤ 1. Then x(1.5; r) is approximately 5.29022058 and y 1,1 is approximately 5.29022158. Since the exact solution of (5.4) for t ∈ [1.5, 2] is x(t; r) = x(1; r)(2t − 2 + e t−1.5 (3 √ e − 4)), 0 ≤ r ≤ 1. Therefore x(2.0; r) = x(1; r)(2 + 3e − 4 √ e). Then x(2.0; r) is approximately 9.676975672 and y 1 (2.0; 1) is approximately 9.676975795. The approximate solution by fifth order Runge Kutta Nystrom method is plotted at t ∈ [0, 2](see Table 1 -4 and Figure 3 .1). The exact and approximate solution by fifth order Runge Kutta Nystrom method is plotted at t = 2. (see Table 1 
is continuous function of t, x and λ k (x(t k ). Therefore by Example 6.1 of Kaleva [6] , for each k = 0, 1, 2, ..., the fuzzy IVP
has a unique solution on [t k ,t k+1 ]. To numerically solve the hybrid fuzzy IVP (36) we will apply the Runge-Kutta Method of order five for hybrid fuzzy differential equations with N = 10.
To obtain y 1,1 (r), Table 5 -8 and Figure 3.3) . The exact and approximate solution by fifth order Runge Kutta Nystrom method is plotted at t = 2. (see Table 5 -8 and Figure 5 .4).
Conclusion
In this paper we have discussed hybrid fuzzy differential systems and applied fifth order Runge-Kutta Nystorm method. In the proposed method is convergent to order O(h 6 ). 
